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VAUGHT’S TWO-CARDINAL THEOREM AND
QUASI-MINIMALITY IN CONTINUOUS LOGIC
VICTORIA NOQUEZ
Abstract. We prove the following continuous analogue of Vaught’s Two-
Cardinal Theorem: if for some κ > λ ≥ ℵ0, a continuous theory T has a
model with density character κ which has a definable subset of density char-
acter λ, then T has a model with density character ℵ1 which has a separable
definable subset. We also show that if we assume that T is ω-stable, then if
T has a model of density character ℵ1 with a separable definable set, then for
any uncountable κ we can find a model of T with density character κ which
has a separable definable subset. In order to prove this, we develop an approx-
imate notion of quasi-minimality for the continuous setting. We apply these
results to show a continuous version of the forward direction of the Baldwin-
Lachlan characterization of uncountable categoricity: if a continuous theory T
is uncountably categorical, then T is ω-stable and has no Vaughtian pairs.
1. Introduction
In classical logic, the study of uncountable categoricity has led to the develop-
ment of numerous model theoretic tools, many of which have been very useful for
a variety of different applications.
There has been significant progress towards understanding uncountable cate-
goricity in the continuous setting, particularly for examples from functional anal-
ysis. In [SU14], Usvyatsov and Shelah prove that every model of an uncountably
categorical theory expanding a Banach space is prime over a spreading model, iso-
metric to the standard basis of a Hilbert space. More recently, in [HR16], Henson
and Raynaud provide a criterion for ensuring that the elementary class of a modular
Banach space consists of all direct sums of that space with arbitrary Hilbert spaces.
This leads to many examples of uncountably categorical theories whose models are
Banach spaces.
Towards understanding uncountable categoricity in continuous logic outside of
the context of Banach spaces, in [BY05], Ben Yaacov proves Morley’s categoricity
theorem for continuous logic: for κ, λ > ℵ0, a continuous theory T is κ-categorical
if and only if T is λ-categorical.
In the classical setting, Morley’s categoricity theorem can be viewed as a corollary
of the following theorem of Baldwin and Lachlan: for κ an uncountable cardinal, a
theory T is κ-categorical if and only if T is ω-stable and has no Vaughtian pairs.
The work in this paper was motivated by an effort to show a continuous version
of the Baldwin-Lachlan characterization of uncountable categoricity. We resolve the
forward direction by showing Vaught’s Two-Cardinal Theorem as well as a partial
converse to the theorem which requires an assumption of ω-stability.
Date: November 6, 2018.
1
2 VICTORIA NOQUEZ
We begin by discussing the subtleties of definability in continuous logic. Recall
that in the continuous setting, formulas in the language are functions to [0, 1]. We
see that definable sets are not nearly as well behaved as they are in the classical
setting, and it is important in this context that we carefully distinguish between
zero sets of definable predicates (functions which can be uniformly approximated
by formulas) and definable sets themselves. We will call a set D definable if the
predicate dist(x,D) = inf
y∈D
d(x, y) can be uniformly approximated by formulas in the
language. Observe that zero sets of definable predicates may not be definable sets.
In Section 2, we provide some examples of this, and give equivalent characterizations
of definability of sets. Throughout this paper, we adopt the convention of saying
that a definable predicate P is a definable distance predicate if and only if Z(P ) is
a definable set. That is, in some sense, P (x) gives us some information about the
distance of an element x to the zero set of P .
In Section 3 we give a continuous definition of a Vaughtian pair: (N ,M) is
a Vaughtian pair of models of a continuous theory T if M  N and there is
a definable distance predicate P (the zero set of P is a definable set) such that
{x ∈ M|P (x) = 0} = {x ∈ N|P (x) = 0}. We describe how Vaughtian pairs can
be viewed as structures in an extension of our language and lay the groundwork
necessary to show that if T has a Vaughtian pair of models, then T has a Vaughtian
pair of models (N ,M) such that M and N are separable and M∼= N .
In Section 4, we introduce a continuous version of quasi-minimality and see that
it requires a significantly different approach than in the classical setting. We will
define (n, ǫ, δ)-quasi-minimality for n < ω and 0 < δ ≤ ǫ as a property of sets of
the form {x ∈M|P (x) < K} where P is a definable predicate and K > 0. We say
that a set of this form is (n, ǫ, δ)-quasi-minimal if the set has no countable ǫ-net
(is large with respect to ǫ), and for any subset of the form {x ∈ M|Q(x) < r}
where Q is a definable predicate and r > 0, either this has a countable δ-net
(is small with respect to δ), its complement is small with respect to δ, or the
set of elements in {x ∈ M|P (x) < K} which are 1
n
-away from every element of
{x ∈ M|Q(x) < r} is small with respect to δ. In Proposition 5, we show that
with an assumption of ω-stability, for suitably chosen ǫ ≥ δ > 0, we can find P
and K such that {x ∈ M|P (x) < K} is (n, ǫ, δ)-quasi-minimal. This proof uses
a binary tree to contradict ω-stability as in the classical case, but we see that it
is necessary to specify that each set in our tree is at least 1
n
-apart, as we must
guarantee that the uncountable set of types at the end does not have a countable
dense subset with respect to the d-metric on types. Using this, in Lemma 6 we show
that we can find a nested sequence of sets of this form which are quasi-minimal for
strictly increasing values of n such that their intersection has no countable ǫ-net
for some ǫ > 0. This proof requires the third condition in the definition of (n, ǫ, δ)-
quasi-minimality, which allows us to define uncountably many Cauchy sequences
of elements of the nested sets such that at each stage of the intersection, we only
remove countably many of them. The limits of the uncountably many remaining
Cauchy sequences will be in the intersection of these sets, and be ǫ-apart from each
other. This intersection, which is quasi-minimal for all n < ω in some sense, will
act similarly to a classical quasi-minimal set. In Lemma 7 we use this intersection
to define a type which is analogous to the collection of formulas which define large
sets.
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In Section 5, we introduce (κ, λ)-models: for a continuous theory T , and κ >
λ ≥ ℵ0, T has a (κ, λ)-model if there is M  T such that M has density character
κ and a definable subset with density character λ. The existence of such a model is
useful in understanding uncountable categoricity: by a compactness argument, we
can show that for uncountable κ, a theory T will have a model of density character
κ such that every non-compact definable set has density character κ. So if T has a
(κ, λ)-model with κ > λ ≥ ℵ0, it cannot be κ-categorical.
Theorem 10 is the continuous analogue of Vaught’s Two-Cardinal theorem: for
κ > λ ≥ ℵ0, if a continuous theory T has a (κ, λ)-model, then T has an (ℵ1,ℵ0)-
model. We prove this in an analogous way to its classical counterpart.
In Theorem 12, we show that if T is assumed to be ω-stable, then if T has an
(ℵ1,ℵ0)-model, then for any uncountable κ, T has a (κ,ℵ0)-model. Using the work
from Section 4, we are able to proceed as in the classical case (though with some
extra technical considerations).
In Section 6, we apply the results of Section 5 to show that if a continuous
theory T is κ-categorical for some uncountable κ, then it has no Vaughtian pairs.
This along with Theorem 5.2 in [BY05] (if T is uncountably categorical, it is ω-
stable) gives us the forward direction of the Baldwin-Lachlan characterization of
uncountable categoricity in continuous logic. It is currently unknown if the converse
holds, but we see that uncountable categoricity does not behave quite the same in
the continuous setting as it does in the classical setting. In particular, we see in
[Noq17] that an argument analogous to the classical argument will fail, because for
a reasonable notion of minimality, having no Vaughtian pairs of models of a theory
does not guarantee that a minimal definable predicate is strongly minimal.
In Section 7, we provide two examples of Vaughtian pairs of models. The first is
a Vaughtian pair of models of the theory of the Urysohn sphere, which we obtain by
removing a small portion of the sphere, and then describing a definable set which is
sufficiently far away from the removed portion. The second example is a Vaughtian
pair of models of the randomization of any (continuous or classical) theory T is a
countable language. Though we can see this directly via product randomizations
(as in [AK15]), by Theorem 13, this shows us that uncountable categoricity is not
preserved by randomizations.
The author would like to thank Ward Henson for his helpful discussion about
definability in the continuous setting, John Baldwin and Jim Freitag for their ideas
about handling quasi-minimality, and Dave Marker for his comments about this
exposition.
2. Definability in Continuous Logic
We assume that the reader is familiar with the basics of continuous model theory.
An in depth introduction to the topic can be found in [HYBU08]. For the reader’s
convenience, we will discuss definability in the continuous setting.
Let L be a continuous language and M an L-structure. A function P : Mn →
[0, 1] is a definable predicate in M over some A ⊂ M if there exists a sequence
(φk(x) : k < ω) of L(A)-formulas such that φMk (x) converge uniformly to P (x) on
all of Mn. In this case we say that the predicate P is definable over A. The zero
set of P in M, Z(PM) = {x ∈ M|P (x) = 0}. If M is clear from context, we just
write Z(P ).
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ForD ⊂Mn, we say that the setD is definable if dist(x,D) = inf
y∈D
max
1≤i≤n
d(xi, yi)
is a definable predicate. So D = Z(dist(x,D)).
If P is a definable predicate such that Z(P ) is a definable set, we call P a
definable distance predicate. Thus, our definable sets are exactly the zero sets of
definable distance predicates.
We have the following equivalent conditions for definability of sets (Theorem
9.17 and Proposition 9.19 in [HYBU08]):
Proposition 1. Let D be a set in some L-structure, M. The following are equiv-
alent:
(1) D is definable in M over A.
(2) For any definable predicate Q(x, y), sup
y∈D
Q(x, y) and inf
y∈D
Q(x, y) are defin-
able in M over A.
(3) There is a predicate P : Mn → [0, 1] definable in M over A, such that
D ⊂ Z(P ) and ∀ǫ > 0∃δ > 0∀x ∈ M(P (x) ≤ δ ⇒ dist(x,D) ≤ ǫ). So
D = Z(P ).
It is important to note that zero sets of definable predicates are not necessarily
definable sets. Consider a continuous language L = {P}, where P is a unary
predicate, with the discrete metric, and let M be an L-structure such that for all
n < ω, there is xn ∈ M with P (xn) =
1
n
, and some x ∈ M such that P (x) = 0.
It is easy to see that for any definable predicate Q in this language, that when
0 < ǫ < 1, for any δ > 0, Q(x) < δ is not going to guarantee P (x) = 0, so
dist(x, Z(P )) = 1 > ǫ. That is, we cannot satisfy the third condition in the
Proposition, so Z(P ) is not definable.
Further note that we may not be able to quantify over zero sets of definable
predicates in the language: if P is a definable predicate, for a definable predicate
Q(x), sup
x∈Z(P )
Q(x) and inf
x∈Z(P )
Q(x) may not be definable predicates. As such, it
could be the case, for example, that in some M ≺ N , sup
x∈Z(PM)
Q(x) = 0, but
sup
x∈Z(PN )
Q(x) > 0. However, by the Proposition, as long as P is a definable dis-
tance predicate, for any definable predicate Q, sup
x∈Z(P )
Q(x) and inf
x∈Z(P )
Q(x) are both
definable predicates.
So we see that restricting our attention of zero sets of definable distance predi-
cates is necessary. As such, the definable sets are not as well behaved as they are in
the classical setting. For example, for definable sets D0 and D1, D0 ∩D1 may not
be a definable set, since dist(x,D0∩D1) is not necessarily a definable predicate. We
also lose some expressive power. Example 0.1 in [Yaa08b] is a continuous theory in
a non-empty language with no non-trivial definable sets. It should be noted though
that the only known examples of this are unstable theories.
3. Vaughtian Pairs
In order to prove Vaught’s Two-Cardinal Theorem, we must develop a continuous
analogue of Vaughtian pairs. In Section 7, we provide examples of Vaughtian pairs
of models.
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Definition 1. Let T be a continuous L-theory. (N ,M) is a Vaughtian pair of
models of T if M ≺ N , M 6= N , and there is P , a definable distance predicate
overM, such that Z(PM) is not compact, and Z(PM) = Z(PN ).
Note that in the continuous setting, compact is analogous to finite.
Let L∗ = L ∪ {U} where U is a unary predicate. We can view a pair (N ,M)
of models of T as an L∗-structure by interpreting U(x) = C · inf
y∈M
d(x, y), where
C > 0 is some constant (so Z(U) = M, and U is a definable distance predicate,
since d(x, Z(U)) = 1
C
U(x)).
For an L-formula φ(x), we will define φU (x), the restriction of φ to Z(U), induc-
tively as follows:
• If φ(x) is atomic, then φU (x) = max(U(x1), . . . , U(xn), φ(x)).
• (12φ(x))
U = 12φ
U (x).
• (φ(x)−· ψ(x))U = φU (x)−· ψU (x).
• (sup
x
φ(x, a))U = sup
x∈Z(U)
φU (x, a).
• (inf
x
φ(x, a))U = inf
x∈Z(U)
φU (x, a).
Observe that by Proposition 1, (sup
x
φ(x, a))U and (inf
x
φ(x, a))U are definable
predicates for any L-formula φ.
An easy induction shows that for each formula φ, for all r ∈ [0, 1] and a ∈M,
φU (a) ≤ r ⇔M  φ(a) ≤ r, and φU (a) ≥ r ⇔M  φ(a) ≥ r.
Thus, φU (a) = r ⇔M  φ(a) = r.
Lemma 2. If T has a Vaughtian pair (N ,M), then there is a Vaughtian pair
(N0,M0) where N0 has countable density character.
Proof. Let (N ,M) be a Vaughtian pair of models of T . Let P be a definable
distance predicate over some countable A ⊂ M such that Z(PM) is not compact
and Z(PM) = Z(PN ). Since (N ,M) is a Vaughtian pair, there is x ∈ N \ M
with d(x,M) = δ > 0, so view (N ,M) as an L∗-structure by interpreting U(z) as
max(1, 1
δ
· d(z,M)).
By downward Lo¨wenheim-Skolem (Proposition 7.3 in [HYBU08]), there is (N0,M0)
with A ⊂ N0 where N0 has countable density character and (N0,M0) ≺ (N ,M)
as L∗A-structures.
(N ,M) satisfies U(c) = 0 for any constants c in L and sup
x∈Z(U)
U(f(x)) = 0 for
function symbols f , where x ∈ Z(U) is shorthand for
x ∈ Z(max(U(x1), . . . , U(xn))). Thus, (N0,M0) satisfies these as well, so
M0 = Z(U (N0,M0)) is a substructure of N0.
Since M ≺ N , (N ,M)  sup
x∈Z(U)
|φU (x) − φ(x)| = 0 for all L-formulas φ(x), so
(N0,M0)  sup
x∈Z(U)
|φU (x)−φ(x)| = 0, which means thatM0 ≺ N0. Also note that
since (N ,M)  U(a) = 0 for all a ∈ A, (N0,M0)  U(a) = 0 for all a ∈ A, so
A ⊂M0.
To see that N0 6=M0, we know that (N ,M)  sup
x
|U(x)− 1| = 0, so
(N0,M0)  sup
x
|U(x)−1| = 0, which means there exists x ∈ N0 such that U(x) 6= 0
(since there exists x ∈ N0 such that U(x) is arbitrarily close to 1). So x ∈ N0 \M0.
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Since P is a definable distance predicate and
(N ,M)  sup
x∈Z(P )
max(U(x1), . . . , U(xn)) = 0, we must have
(N0,M0)  sup
x∈Z(P )
max(U(x1), . . . , U(xn)) = 0 which means that Z(P
N0) = Z(PM0).
Since Z(PN ) is not totally bounded, for some ǫ > 0 there is no finite ǫ-net.
Suppose for some n < ω, x1, . . . , xn ∈ N0 are the centers of a finite ǫ-net of
Z(PN0). Then N0  sup
y∈Z(P )
min
1≤i≤n
d(y, xi)−· ǫ = 0, so by elementarily,
N  sup
y∈Z(P )
min
1≤i≤n
d(y, xi) −· ǫ = 0, so this is a finite ǫ-net of Z(P
N ). Thus, N0
cannot have a finite ǫ-net. So Z(PN0) is not totally bounded.
Hence, (N0,M0) is a Vaughtian pair. 
Proposition 3. Let T be a complete continuous theory in a countable language L.
If M and N are homogeneous models of T with countable density character which
realize the same types in Sn(T ) for n ≥ 1, then M∼= N .
Proof. Let M0 ⊂ M and N0 ⊂ N be countable dense subsets of M and N
respectively. We will build a bijective elementary map f : M̂0 → N̂0 where
M0 ⊂ M̂0 ⊂ M and N0 ⊂ N̂0 ⊂ N by a back-and-forth argument. Then we
can uniquely extend this to an isomorphism from M → N : for x ∈ M \ M̂0, let
xi ∈ M̂0 such that xi → x. Then, since (xi : i < ω) is Cauchy and f is elementary,
(f(xi) : i < ω) is Cauchy, and thus, converges to some y ∈ N . If y ∈ N̂0, there
is x′ ∈ M̂0 such that f(x′) = y. So since ∀ǫ > 0 there is N < ω such that for all
i ≥ N , N  d(f(xi), f(x′))−· ǫ = 0, by the elementarity of f ,M  d(xi, x′)−· ǫ = 0.
So xi → x′, which means x = x′, contradicting that x /∈ M̂0. This y is unique, as
it is the limit of f(xi), and f ∪ {(x, y)} is elementary, since f is elementary, and
thus, continuous.
We will build a sequence of partial elementary maps f0 ⊂ f1 ⊂ . . . with finite
domain and let f =
⋃
i<ω
fi, so f will be elementary.
Let ai enumerateM0 and bi enumerate N0. We will ensure that ai ∈ dom(f2i+1)
and bi ∈ img(f2i+2). Thus, we will have M0 ⊂ dom(f) = M̂0 and f : M̂0 → N̂0
surjective where N̂0 ⊃ N0.
Stage 0: f0 = ∅. This is partial elementary since T is complete.
Inductively assume that fs is partial elementary. Let a be the domain of fs and
b = fs(a).
Stage s+1 = 2i+1: If ai is in a, fs+1 = fs. Suppose not. SinceM and N realize
the same types, there is c, d ∈ N such that tpN (c, d) = tpM(a, ai). So in particular,
tpN (c) = tpM(a) = tpN (b) since fs is elementary. Since N is homogeneous, there
is e ∈ N such that tpN (b, e) = tpN (c, d) = tpM(a, ai). So fs+1 = fs ∪ {(ai, e)} is
partial elementary and has ai in its domain.
Stage s + 1 = 2i + 2: Again, if bi ∈ img(fs), then fs+1 = fs. If not, as
in the previous stage, there are c, d ∈ M such that tpM(c, d) = tpN (b, bi), so
tpM(c) = tpN (b) = tpM(a) since fs is elementary. Since M is homogeneous, there
is e ∈ M such that tpM(a, e) = tpM(c, d) = tpN (b, bi). So fs+1 = fs ∪ {(e, bi)} is
elementary and has bi in its image. 
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Lemma 4. Suppose M0  N0 are models of T with countable density character.
We can find (N0,M0) ≺ (N ,M) (as L∗-structures) such that N andM are models
of T with countable density character, are homogeneous, and realize the same types
in Sn(T ) for n ≥ 1.
So by the previous proposition, M∼= N .
Proof. First we need a few claims.
Claim 1. If a ∈ M0 and p ∈ Sn(a) is realized in N0, then there is (N ′,M′) ≻
(N0,M0) with countable density character such that p is realized in M′.
Proof. Consider the type {φU (x, a)−· 1
n
|φ(x, a) ∈ p, n < ω} ∪Diagel(N0,M0). Let
Γ(x) be a finite subset of this and let φ1(x, a), . . . , φm(x, a) ∈ p be such that
Γ(x) ⊂ {φU1 (x, a)−·
1
n1
, . . . , φUm(x, a)−·
1
nm
} ∪Diagel(N0,M0) for some
n1, . . . , nm < ω. N0  inf
x
max
1≤i≤m
φi(x, a) = 0 since p is realized in N0, so
M0  inf
x
max
1≤i≤m
φi(x, a) = 0. Let n = max
1≤i≤m
ni and choose x ∈ M0 such that
max
1≤i≤m
φi(x, a) ≤
1
n
. x will realize Γ(x). So since the type is finitely satisfiable,
there is (N ′,M′) with countable density character realizing it. Since it includes
the elementary diagram of (N0,M0), (N0,M0) ≺ (N ′,M′), and p is realized in
M′ = Z(U (N
′,M′)). 
Claim 2. If b ∈ N0 and p ∈ Sn(b), then there is (N ′,M′) ≻ (N0,M0) with
countable density character such that p is realized in N ′.
Proof. Consider the type {φ(x, b)−· 1
n
|φ(x, b) ∈ p, n < ω} ∪Diagel(N0,M0).
As before, let Γ(x) be a finite subset of this type and φ1(x, b), . . . φm(x, b) ∈
p, n1, . . . , nm < ω be such that Γ(x) ⊂ {φ1(x, b) −·
1
n1
, . . . , φm(x, b) −·
1
nm
} ∪
Diagel(N0,M0). p is realized in some N ≻ N0, so N  inf
x
max
1≤i≤m
φi(x, b) = 0,
which means N0  inf
x
max
1≤i≤m
φi(x, b) = 0. Let n = max
1≤i≤m
ni and choose x ∈ N0 such
that max
1≤i≤m
φi(x, b) ≤
1
n
. x realizes Γ(x), so the type is finitely satisfiable in N0.
Thus we can choose (N ′,M′) with countable density character realizing the type.
(N ′,M′) ≻ (N0,M0) and p is realized in N ′. 
We build an elementary chain of models all with countable density character
(N0,M0) ≺ (N1,M1) ≺ . . . such that
(i) If p ∈ Sn(T ) is realized in N3i, then p is realized in M3i+1.
(ii) If a, b, c ∈ M3i+1 and tpM3i+1(a) = tpM3i+1(b), then there is d ∈ M3i+2
such that tpM3i+2(a, c) = tpM3i+2(b, d).
(iii) If a, b, c ∈ N3i+2 and tpN3i+2(a) = tpN3i+2(b), then there is d ∈ N3i+3 such
that tpN3i+3(a, c) = tpN3i+3(b, d).
(i) is possible by iterating the first claim.
For (ii), let p = tpM3i+1(c/a), and consider the type {φU (b, x) −· 1
n
|φ(a, x) ∈
p, n < ω} ∪Diagel(N3i+1,M3i+1).
As before, consider a finite subset of this type contained in some
{φU1 (b, x)−·
1
n1
, . . . , φUm(b, x)−·
1
nm
} ∪Diagel(N3i+1,M3i+1).
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Since φi(a, c) = 0 for 1 ≤ i ≤ m, M3i+1  inf
x
max
1≤i≤m
φi(a, x) = 0, so M3i+1 
inf
x
max
1≤i≤m
φi(b, x) = 0 since tp
M3i+1(a) = tpM3i+1(b).
Let n = max
1≤i≤m
ni and choose x ∈ M3i+1 such that max
1≤i≤m
φi(b, x) ≤
1
n
. Thus,
this type is finitely satisfiable. Choose (N3i+2,M3i+2) ≻ (N3i+1,M3i+1) with
countable density character in which this type is realized. Then p is realized in
M3i+2. That is, there is d ∈ M3i+2 such that tpM3i+2(b, d) = tpM3i+2(a, c).
For (iii), we use the same argument as in (ii) to see that {φU (b, x)−· 1
n
|φ(a, x) ∈
tpN3i+2(c/a), n < ω} ∪ Diagel(N3i+2,M3i+2) is finitely satisfiable in N3i+2 and
apply the second claim.
Let (N ,M) =
⋃
i<ω
(Ni,Mi). Then (N ,M) has countable density character. It is
a Vaughtian pair, since (as we saw in Lemma 2) being a Vaughtian pair is preserved
by elementary extensions. By (i), M and N realize the same types, and by (ii) and
(iii), M and N are homogeneous. Hence, by Proposition 3, M∼= N . 
4. (n, ǫ, δ)-Quasi-Minimality
Let T be a continuous ω-stable theory. Fix M  T . For definable predicates P
overM, we will just write Z(P ) to mean Z(PM) unless otherwise specified.
In the classical setting, a definable set is quasi-minimal if every definable subset
is countable or co-countable. The following is an approximate version of quasi-
minimality, which we give as a property of sets of the form {x ∈ M|P (x) < K}
where P is a definable predicate over M and K > 0. We will use P < K as
shorthand to denote the set {x ∈M|P (x) < K}.
Definition 2. For a definable predicate P over M and K > 0, P < K is (n, ǫ, δ)-
quasi-minimal in M, where 1 ≤ n < ω, ǫ > 0, and ǫ ≥ δ > 0, if {x ∈M|P (x) < K}
has no countable ǫ-net and for every definable predicate Q overM, for every r > 0,
one of the following conditions holds:
(1) For every r′ such that 0 < r′ < r, there exists k′ with K−· (r−r′) < k′ < K
such that {x ∈M|Q(x) ≤ r′ ∧ P (x) ≤ k′} has a countable δ-net.
(2) {x ∈ M|P (x) < K ∧Q(x) ≥ r} has a countable δ-net.
(3) There exists r′ such that 0 < r′ < r and for all k′ such that K −· (r − r′) <
k′ < K, {x ∈ M|Q(x) < r′ ∧ P (x) ≤ k′} has no countable δ-net and
{x ∈ M|P (x) < K ∧ ∀y(Q(y) ≤ r′ ∧ P (y) ≤ k′ → d(x, y) > 1
n
)} has a
countable δ-net.
The idea is that a set of the form {x ∈ M|P (x) < K} where P is a definable
predicate and K > 0 is quasi-minimal if for any subset of the form {x ∈M|Q(x) <
r} whereQ is a definable predicate and r > 0, either this set is small, its complement
is small, or the set of elements in {x ∈M|P (x) < K} which are 1
n
-away from every
element of {x ∈M|Q(x) < r} is small.
Note that condition (1) holds if and only if {x ∈ M|Q(x) < r ∧ P (x) < K} has
a countable δ-net. Also note that if P < K is (n, ǫ, δ)-quasi-minimal, then for any
ǫ′ such that δ ≤ ǫ′ ≤ ǫ, P < K is (n, ǫ′, δ)-quasi-minimal, and for any δ′ such that
δ ≤ δ′ ≤ ǫ, P < K is (n, ǫ, δ′)-quasi-minimal.
We will now use ω-stability to show the existence of an (n, ǫ, δ)-quasi-minimal
subset of sets of the form P < K for a fixed n ∈ ω, and appropriately chosen ǫ and
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δ. Analogous to the classical setting, we will build a binary tree of sets of the form
Pσ < Kσ and use this to find uncountably many types which have no countable
dense subset with respect to the d-metric on types (this is why we must specify n
in our characterization of quasi-minimality). Note that because our sets are open,
we will require some auxiliary 0 < Jσ < Kσ.
Proposition 5. Let T be ω-stable and M  T . Suppose R is a definable predicate
over M and j > 0 is such that {x ∈ M|R(x) < j} has no countable ǫ-net for
some ǫ > 0. Let n < ω such that 1 ≤ n and ǫ̂ ∈ [0, ǫ) be given. Then there exists
ǫ′ such that ǫ̂ < ǫ′ ≤ ǫ, P a definable predicate over M, and K > 0 such that
{x ∈ M|P (x) < K} ⊂ {x ∈ M|R(x) < j}, and P < K is (n, ǫ′, δ)-quasi-minimal
for all δ ∈ (ǫ̂, ǫ′].
Proof. Suppose not. We will construct a binary tree of definable predicates to
contradict ω-stability.
First note that there exists j′ ∈ (0, j) such that Z(R −· j′) has no countable
ǫ-net. If not, then {x ∈ M|R(x) < j} =
⋃
1
j
<n<ω
Z(R −· (j −·
1
n
)) would have a
countable ǫ-net. Choose K∅ such that j
′ < K∅ < j. Let J∅ = j. Let ǫ∅ be such
that ǫ̂ < ǫ∅ ≤ ǫ.
Let P∅ = R and note that {x ∈ M|P∅(x) < K∅} contains Z(R−· j
′), so it has no
countable ǫ∅-net, and {x ∈M|P∅(x) < K∅} ⊂ {x ∈M|R(x) < j}.
Suppose for some σ ∈ 2<ω we have Pσ a definable predicate over M, and 0 <
Kσ < Jσ such that {x ∈ M|Pσ(x) < Kσ} has no countable ǫσ-net for some
ǫσ ∈ (ǫ̂, ǫ], and {x ∈ M|Pσ(x) < Jσ} ⊂ {x ∈ R(x) < j}.
We will find Pσ̂0 and Pσ̂1 definable predicates overM, ǫσ 0̂ and ǫσ 1̂ in (ǫ̂, ǫσ],
and 0 < Kσ̂0 < Jσ̂0 and 0 < Kσ 1̂ < Jσ̂1 such that
• For all x, y ∈M, if Pσ̂0(x) < Jσ̂0 and Pσ̂1(y) < Jσ̂1, then d(x, y) ≥
1
n
.
and for i = 0, 1,
• {x ∈ M|Pσ î(x) < Kσ î} has no countable ǫσ î-net
• For all x ∈ M, Pσ î(x) < Jσ î ⇒ Pσ(x) < Kσ. So {x ∈ M|Pσ î < Kσ î} ⊂
{x ∈ M|R(x) < j}.
First we will define Pσ̂1. Since {x ∈ M|Pσ(x) < Kσ} ⊂ {x ∈ M|R(x) < j}
and ǫ̂ < ǫσ ≤ ǫ, by assumption there exists δ ∈ (ǫ̂, ǫσ] such that Pσ < Kσ is
not (n, ǫσ, δ)-quasi-minimal. Since {x ∈ M|Pσ(x) < Kσ} has no countable ǫσ-net,
there is r̂ > 0 and Q a definable predicate over M such that conditions (1), (2),
and (3) from the definition of (n, ǫσ, δ)-quasi-minimal all fail. By the negation of
(1), there exists r′ ∈ (0, r̂) such that for all k with Kσ −· (r̂ − r′) < k < Kσ,
(*) {x ∈M|Q(x) ≤ r′ ∧ P (x) ≤ k} has no countable δ-net.
Then note that for all r such that r′ < r < r̂, for all k such that Kσ −· (r̂− r′) <
k < Kσ, {x ∈ M|Q(x) < r ∧ P (x) ≤ k} has no countable δ-net, since it contains
{x ∈M|Q(x) ≤ r′ ∧ P (x) ≤ k}.
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By the negation of (3), for every r such that r′ < r < r̂, there exists kr with
Kσ −· (r̂ − r) < kr < Kσ such that
(**) {x ∈ M|Pσ(x) < Kσ ∧ ∀y(Q(y) ≤ r ∧ Pσ(y) ≤ kr → d(x, y) >
1
n
)}
has no countable δ-net
(since {x ∈ M|Q(x) < r ∧ Pσ(x) ≤ kr} has no countable δ-net, because Kσ −· (r̂ −
r′) < Kσ −· (r̂ − r) < kr < Kσ).
Fix r and r0 such that r
′ < r < r0 < r̂, and let k0 = kr0 . Observe that
Kσ −· (r̂ − r
′) < Kσ −· (r̂ − r) < Kσ −· (r̂ − r0) < k0 < Kσ,
so we may choose k′ and k such that
Kσ −· (r̂ − r
′) < k′ < Kσ −· (r̂ − r) < k < Kσ −· (r̂ − r0) < k0 < Kσ.
We know from (*) that {x ∈M|Q(x) ≤ r′ ∧Pσ(x) ≤ k′} has no countable δ-net,
and it is contained in {x ∈ M|Q(x) < r ∧ Pσ(x) < k}, so by monotonicity this set
has no countable δ-net, and it is contained in {x ∈ M|Q(x) ≤ r0 ∧ Pσ(x) ≤ k0}.
We also know from (**) that
{x ∈ M|Pσ(x) < Kσ ∧ ∀y(Q(y) ≤ r0 ∧ Pσ(y) ≤ k0 → d(x, y) >
1
n
)}
has no countable δ-net.
Let Pσ̂1(x) = max(Q(x) −· (r −· k), Pσ(x) −· (k −· r)) and Kσ̂1 = min(r, k). So
for all x ∈ M, Pσ̂1(x) < Kσ̂1 if and only if Q(x) < r and Pσ(x) < k.
Thus, {x ∈M|Pσ̂1(x) < Kσ̂1} has no countable δ-net since it contains
{x ∈M|Q(x) ≤ r′∧Pσ(X) ≤ k′}, and is contained in {x ∈M|Q(x) ≤ r0∧Pσ(x) ≤
k0}. Let ǫσ̂1 = δ, so ǫ̂ < ǫσ̂1 ≤ ǫ.
Let Jσ̂1 = min(r, k) + min(r0 − r, k0 − k). For x ∈ M, if Pσ̂1(x) < Jσ̂1,then
Q(x) < r0 and Pσ(x) < k0.
So since k0 < Kσ, if Pσ̂1(x) < Jσ̂1, then Pσ(x) < Kσ.
Towards defining Pσ̂0, let L(x) = max(Q(x)−· (r0 −· k0), Pσ(x)−· (k0 −· r0)) and
l = min(r0, k0) > 0. L(x) ≤ l if and only if Q(x) ≤ r0 and Pσ(x) ≤ k0.
Rewritten in terms of L and l,
{x ∈M|Pσ(x) < Kσ ∧ ∀y(L(y) ≤ l→ d(x, y) >
1
n
)}
has no countable δ-net.
Let t = min(Kσ, 1−
1
n
) > 0.
Let A(x) = Pσ(x) −· (Kσ −· (1 −
1
n
)). Observe that A(x) < t if and only if
Pσ(x) < Kσ.
LetB(x) = sup
y
min(
1 − 1
n
1− l
(1−L(y)), 1−d(x, y))−· ((1−
1
n
)−·Kσ) and observe that
B(x) < t if and only if for all y, either
1− 1
n
1−l (1−L(y)) < 1−
1
n
or 1−d(x, y) < 1− 1
n
.
This is true if and only if for all y, either L(y) > l or d(x, y) > 1
n
.
That is, B(x) < t if and only if for all y, L(y) ≤ l→ d(x, y) > 1
n
. (Observe that
this complicated formula is necessary to express this implication since we cannot
negate formulas in the continuous setting.)
Let T (x) = max(A(x), B(x)). Then T (x) < t if and only if x is in the set
{x ∈ M|Pσ(x) < Kσ ∧ ∀y(L(y) ≤ l → d(x, y) >
1
n
)}, so {x ∈ M|T (x) < t} has no
countable δ-net.
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Then there exists t′ ∈ (0, t) such that {x ∈ M|T (x) ≤ t′} has no countable
δ-net. Let Pσ̂0 = T and let Kσ̂0 be such that t
′ < Kσ̂0 < t. Let Jσ̂0 = t.
{x ∈ M|Pσ̂0(x) < Kσ̂0} has no countable δ-net, Let ǫσ̂0 = δ, so ǫ̂ < ǫσ̂0 ≤ ǫ. If
Pσ̂0(x) < Jσ̂0 then Pσ(x) < Kσ for all x ∈M.
Finally let x ∈ M be such that Pσ̂0(x) < Jσ̂0 and y ∈ M be such that
Pσ̂1(y) < Jσ̂1. Then T (x) < t, and Q(y) < r0 and Pσ(y) < k0. Since T (x) < t,
for all y ∈M, if Q(y) ≤ r0 and Pσ(y) ≤ k0, then d(x, y) >
1
n
. Thus, d(x, y) > 1
n
.
Let A be the union over σ ∈ 2<ω of the (countable) set of parameters from
M used to define each Pσ. This is a countable union of countable sets, so A is
countable.
Let τ ∈ 2ω be given. For n < ω, let mτn =
Kτ|n+Jτ|n
2 . So Kτ |n < m
τ
n < Jτ |n . Let
pτ = {Pτ |n(x)−· m
τ
n : n < ω}. We will show that pτ is a consistent type. Note that
for x ∈ M, if Pτ |n+1(x) < Jτ |n+1, then Pτ |n(x) < Kτ |n . Consider a finite subset
of pτ contained in {Pτ |0(x) −· m
τ
0 , . . . , Pτ |n(x) −· m
τ
n}. Then since we know that
{x ∈M|Pτ |n(x) ≤ m
τ
n} ⊃ {x ∈M|Pτ |n(x) < Kτ |n} has no countable ǫτ |n-net, it is
non-empty, so this finite part is realized. Thus, pτ is a consistent partial type over
A.
Let τ 6= τ ′ in 2ω be given and let σ ∈ 2<ω with |σ| = n be such that τ |n = σ =
τ ′|n and (without loss of generality) τ |n+1 = σ 0̂ and τ ′|n+1 = σ 1̂.
Let N ≻ M be an elementary extension of M with elements aτ  pτ and
aτ ′  pτ ′ .
We know that for all x ∈ M, if Pσ̂0(x) < Jσ̂0 and Pσ̂1(y) < Jσ̂1, then
d(x, y) > 1
n
. Let θ(x, y) = max(Pσ̂0(x) −· (Jσ̂0 −· Jσ̂1), Pσ̂1(y) −· (Jσ̂1 −· Jσ̂0))
and let m = min(Jσ̂0, Jσ̂1). So θ(x, y) < m if and only if Pσ̂0(x) < Jσ̂0 and
Pσ̂1(y) < Jσ̂1.
So for all x, y ∈M, θ(x, y) < m implies d(x, y) > 1
n
, so d(x, y) ≥ 1
n
. Equivalently,
for all x, y ∈M, θ(x, y) ≥ m or d(x, y) ≥ 1
n
. We can express this with
M  sup
x
sup
y
min(m−· θ(x, y),
1
n
−· d(x, y)) = 0,
so by elementarity,
N  sup
x
sup
y
min(m−· θ(x, y),
1
n
−· d(x, y)) = 0.
Let x  tp(aτ/A) and y  tp(aτ ′/A). Then Pσ̂0(x) = Pσ̂0(aτ ) ≤ m
τ
n+1 <
Jσ̂0 and Pσ̂1(y) = Pσ̂1(aτ ′) ≤ m
τ ′
n+1 < Jσ̂1. So θ(x, y) < m, which means
m −· θ(x, y) > 0. Thus, we must have 1
n
−· d(x, y) = 0, so d(x, y) ≥ 1
n
. Since
x  tp(aτ/A) and y  tp(aτ ′/A) were arbitrary, the distance between these types is
at least 1
n
.
Thus, {tp(aτ/A)|τ ∈ 2ω} is an uncountable collection of complete types over the
countable set A whose sets of realizations are pairwise 1
n
-apart, contradicting ω-
stability (since it cannot have a countable dense subset with respect to the d-metric
on types). 
Next we will show that it is possible to find a set which is, in some sense, quasi-
minimal for all n ∈ ω. We do this by using Lemma 5 to find a nested sequence
of sets which are quasi-minimal for increasingly large n. Using the third condition
in the definition of quasi-minimality, we find uncountably many Cauchy sequences
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which live in the intersection of all of these sets whose limits have no countable
dense subset. This intersection is analogous to a classical quasi-minimal set.
For the remainder of this section, fix T an ω-stable continuous theory, M  T
and ǫ > 0 such that M has no countable ǫ-net.
For n < ω, let mn = ⌈
1
ǫ
⌉2n+3. Then
∑
n<ω
2
mn
≤
∑
n<ω
2
(1
ǫ
)2n+3
=
ǫ
2
∑
n<ω
1
2n+1
=
ǫ
2
.
Let ǫn = ǫ−
∑
k<n
2
mk
and let ǫ′ = ǫ−
∑
n<ω
2
mn
.
So ǫ = ǫ0 > ǫ1 > . . . > ǫ
′ > 0 and ǫn → ǫ
′.
The definable predicates in the next lemma will be used to define the type in
Lemma 7, which is used in turn to prove Lemma 11.
Lemma 6. There is a strictly increasing sequence of integers (in : n < ω) with
in ≥ n such that we can choose a sequence of definable predicates Pn over M and
Kn > 0 such that Pn < Kn is (mn, ǫin , δ)-quasi-minimal for all δ ∈ (ǫ
′, ǫin ], {x ∈
M|Pn(x) < Kn} ⊃ {x ∈ M|Pn+1(x) < Kn+1}, and if Bn ⊂ {x ∈ M|Pn(x) < Kn}
are open sets such that Bn has a countable ǫin+1-net, then
⋂
n<ω
({x ∈ M|Pn(x) <
Kn} \Bn) has no countable
ǫ′
2 -net.
Proof. M = {x ∈ M|d(x, x) < 1}, which has no countable ǫ-net. By Proposition 5,
there is P0 a definable predicate overM, ǫ̂ ∈ (ǫ′, ǫ), and K0 > 0 such that P0 < K0
is (m0, ǫ̂, δ)-quasi-minimal for all δ ∈ (ǫ′, ǫ̂). Let i0 ≥ 0 be such that ǫ′ < ǫi0 < ǫ̂.
Then P0 < K0 is (m0, ǫi0 , δ)-quasi-minimal for all δ ∈ (ǫ
′, ǫi0 ].
Then there exists K ′0 ∈ (0,K0) such that {x ∈ M|P0(x) < K
′
0} has no countable
ǫi0-net.
Suppose for some n < ω we have a definable predicate Pn over M, Kn > 0,
and in ≥ n such that Pn < Kn is (mn, ǫin , δ)-quasi-minimal for all δ ∈ (ǫ
′, ǫin ] and
K ′n ∈ (0,Kn) such that {x ∈ M|Pn(x) < K
′
n} has no countable ǫin -net.
By Proposition 5, there is a definable predicate Pn+1 over M and Kn+1 > 0
such that for some ǫ̂ ∈ (ǫ′, ǫin ], Pn+1 < Kn+1 is (mn+1, ǫ̂, δ)-quasi-minimal for all
δ(ǫ′, ǫ̂]. Choose in+1 ≥ max(n + 1, in) such that ǫin+1 < ǫ̂. So Pn+1 < Kn+1
is (mn+1, ǫin+1 , δ)-quasi-minimal for all δ ∈ (ǫ
′, ǫin+1 ] and {x ∈ M|Pn+1(x) <
Kn+1} ⊂ {x ∈M|Pn(x) < K ′n} ⊂ {x ∈M|Pn(x) < Kn}.
Choose K ′n+1 < Kn+1 such that {x ∈ M|Pn+1(x) < K
′
n+1} has no countable
ǫin+1-net.
So since Pn < Kn is (mn, ǫin , ǫin+1)-quasi-minimal, and condition (1) does not
hold for Pn+1 and K
′
n+1, either condition (2) holds or condition (3) holds.
If condition (2) holds, then {x ∈ M|Pn+1(x) ≥ K ′n+1 ∧ Pn(x) < Kn} has a
countable ǫin+1-net, so {x ∈ M|Pn+1(x) ≥ K
′
n+1 ∧ Pn(x) < K
′
n} has a countable
ǫin+1-net. Let
An = {x ∈M|Pn+1(x) ≥ K
′
n+1 ∧ Pn(x) < K
′
n}
and say An is of Case I.
If not, then condition (3) must hold. Let r ∈ (0,K ′n+1) be such that for all k with
Kn −· (K ′n+1 − r) < k < Kn, {x ∈ M|Pn+1(x) < r ∧ Pn(x) ≤ k} has no countable
ǫin+1-net and {x ∈M|Pn(x) < Kn ∧∀y(Pn+1(y) ≤ r ∧Pn(y) ≤ k → d(x, y) >
1
mn
}
has a countable ǫin+1-net.
Choose k such that max(K ′n,Kn −· (r − r
′)) < k < Kn.
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So {x ∈ M|Pn(x) < Kn ∧ ∀y(Pn+1(y) ≤ r ∧ Pn(y) ≤ k → d(x, y) >
1
mn
)} =
{x ∈ M|Pn(x) < Kn ∧ ∀y(Pn+1(y) ≤ r → d(x, y) >
1
mn
)}, since Pn+1(y) ≤
r ⇒ Pn+1(y) < Kn+1 ⇒ Pn(y) ≤ K ′n < k. Let An = {x ∈ M|Pn(x) < K
′
n ∧
∀y(Pn+1(y) ≤ r → d(x, y) >
1
mn
)} ⊂ {x ∈ M|Pn(x) < Kn ∧ ∀y(Pn+1(y) ≤ r →
d(x, y) > 1
mn
)} which has a countable ǫin+1-net, so An has a countable ǫin+1-net.
We say that An is of Case II.
If x ∈ {x ∈M|Pn(x) < K ′n} \An, then there exists y ∈ {x ∈M|Pn+1(y) ≤ r} ⊂
{x ∈M|Pn+1(y) < K ′n+1} with d(x, y) ≤
1
mn
.
So for every n < ω we have Pn a definable predicate overM, 0 < K ′n < Kn such
that Pn < Kn is (mn, ǫin , δ)-quasi-minimal for all δ ∈ (ǫ
′, ǫin ], {x ∈ M|Pn(x) <
K ′n} has no countable ǫin -net, and Pn+1(x) < Kn+1 implies Pn(x) < K
′
n for all
x ∈ M.
We also haveAn ⊂ {x ∈ M|Pn(x) < Kn} such that An has a countable ǫin+1-net.
Now let Bn be given as in the statement of the lemma. Let Cn = An∪(Bn∩{x ∈
M|Pn(x) < K ′n}), so Cn has a countable ǫin+1-net.
Now let (a0n : i ∈ I0) be a collection of pairwise ǫ0-apart elements of {x ∈
M|P0(x) < K ′0} with I0 an uncountable index set.
Suppose we have defined L0, . . . , Ln−1 ⊂ I0 all countable, and In = I0\(L0∪. . .∪
Ln−1), and we have (a
n
i : i ∈ In) which are pairwise ǫn-apart in {x ∈ M|Pn(x) <
K ′n}.
Cn has a countable ǫin+1-net, so since in+1 ≥ n + 1 > n, it has a countable
ǫn-net. So {ani : i ∈ In}∩Cn must be countable, since otherwise Cn would have no
countable ǫn-net since ǫn > ǫin+1 .
Let Ln ⊂ In be the set of indices i such that such that ani ∈ Cn. Ln is countable,
let In+1 = In \ Ln.
Let i ∈ In+1 be given. ani /∈ Bn and a
n
i /∈ An. If An is of Case I, then a
n
i is in
{x ∈M|Pn+1(x) < K ′n+1}, so let a
n+1
i = a
n
i .
If An is of Case II, there exists y ∈ M such that Pn+1(y) < K ′n+1 and d(a
n
i , y) ≤
1
mn
. Let an+1i = y, so Pn+1(a
n+1
i ) < K
′
n+1.
In both cases, an+1i ∈ {x ∈ M|Pn+1(x) < K
′
n+1}, and d(a
n+1
i , a
n
i ) ≤
1
mn
. Since
for i, j ∈ In+1, d(ani , a
n
j ) > ǫn, d(a
n+1
i , a
n+1
j ) > ǫn −
2
mn
= ǫn+1.
Let I = I0 \
⋃
n<ω
Ln, so I is still uncountable since every Ln is countable.
For each i ∈ I, the sequence ani is Cauchy, so since M is complete, it converges
to some ai. Then, for n < ω, for all m > n, a
m
i ∈ {x ∈ M|Pm(x) < K
′
m} \ Bm ⊂
{x ∈ M|Pm(x) ≤ K ′m} \ Bm, so since this is a closed set, their limit ai ∈ {x ∈
M|Pm(x) ≤ K ′m} \ Bm. This is true of all m < ω, so ai ∈
⋂
n<ω
({x ∈ M|Pn(x) ≤
K ′n} \Bn) ⊂
⋂
n<ω
({x ∈M|Pn(x) < Kn} \Bn).
Finally, for i 6= j, since d(ani , a
n
j ) > ǫn ≥ ǫ
′ for all n, d(ai, aj) ≥ ǫ′ >
ǫ′
2 . Hence,⋂
n<ω
({x ∈M|Pn(x) < Kn} \Bn) has no countable
ǫ′
2 -net, as required.

Next we will use the Pn < Kn from the previous lemma to define a type p such
that φ = 0 is in p if and only if for every r > 0, {x ∈M|φ(x) > r} has a countable
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ǫ-net for an appropriately chosen ǫ > 0. That is, the type consists of formulas
whose zero sets are approximately “co-countable”.
Lemma 7. Let Pn < Kn be as in the previous lemma, so Pn < Kn is (mn, ǫin , ǫm)-
quasi-minimal for all m ≥ in.
Let p be a collection of LM-conditions such that φ = 0 is in p if and only if
for every r > 0 there exists Nr < ω such that for all n > Nr, {x ∈ M|Pn(x) <
Kn ∧ φ(x) ≥ r} has a countable ǫin+1-net.
Then p is a consistent complete type over M.
Proof. First we will show that p is complete by showing that for every LM-formula
φ, there is r ∈ [0, 1] such that |φ− r| = 0 is in p.
Let φ an LM-formula be given. Suppose φ = 0 is not in p. Then there exists
r > 0 such that for all N < ω there exists n > N such that {x ∈ M|Pn(x) <
Kn ∧ φ(x) ≥ r} has no countable ǫin+1-net.
Let r be the supremum of the set of r > 0 witnessing this. Let r′ > r be given.
Then r′ does not witness this, so there exists N < ω such that for all n > N ,
{x ∈M|φ(x) ≥ r′ ∧ Pn(x) < Kn} has a countable ǫin+1-net.
Suppose |φ− r| = 0 is not in p. Then there exists s > 0 such that for all N < ω
there is n > N such that {x ∈M|Pn(x) < Kn ∧ |φ(x) − r| ≥ s}, which is equal to
{x ∈M|Pn(x) < Kn ∧ φ(x) ≤ r −· s} ∪ {x ∈M|φ(x) ≥ r+˙s ∧ Pn(x) < Kn},
has no countable ǫin+1-net.
So by choosing N sufficiently large, we know that for all m > N , there exists
n > m such that {x ∈ M|Pn(x) < Kn ∧ φ(x) ≤ r −· s} has no countable ǫin+1-net,
since {x ∈M|φ(x) ≥ r+˙s∧ Pn(x) < Kn} does have a countable ǫin+1-net, because
it is contained in {x ∈M|Pn(x) < Kn ∧ φ(x) ≥ r}.
Let k0 and k1 be such that r −· s < k0 < k1 < r. Let N be such that
1
mN
<
∆φ(k1 − k0), where ∆φ is the modulus of uniform continuity for φ.
Choose n1 > N so that {x ∈ M|Pn(x) < Kn ∧ φ(x) > k1} has no countable
ǫin1+1 net (since it contains {x ∈ M|Pn1(x) < Kn1 ∧ φ(x) ≥ r}), and choose
n2 > n1 sufficiently large so that {x ∈ M|Pn2(x) < Kn2 ∧ φ(x) < k0} has no
countable ǫin2+1 -net (since it contains {x ∈ M|Pn2(x) < Kn2 ∧ φ(x) ≤ r −
· s}).
Then {x ∈ M|Pn1(x) < Kn1 ∧ φ(x) < k0} has no countable ǫin2+1-net, since by
Lemma 6, Pn2(x) < Kn2 ⇒ Pn1(x) < Kn1 , and {x ∈ M|Pn1(x) < Kn1∧φ(x) > k1}
has no countable ǫin2+1-net since ǫin2+1 < ǫin1+1 . Let δ = ǫin2+1 and n = n1. Note
that δ > ǫ′.
So we have {x ∈ M|Pn(x) < Kn ∧ φ(x) < k0} which has no countable δ-net as
well as {x ∈ M|Pn(x) < Kn ∧ φ(x) > k1} with no countable δ-net. Pn < Kn is
(mn, ǫin , δ)-quasi-minimal, so since conditions (1) and (2) fail for φ and k0, there
is r′ such that 0 < r′ < k0 and for all k
′ such that Kn − (k0 − r′) < k′ < Kn,
{x ∈ M|φ(x) < r′ ∧ Pn(x) ≤ k′} has no countable δ-net (so in particular, it is not
empty) and
{x ∈M|Pn(x) < Kn ∧ ∀y(Pn(y) ≤ k
′ ∧ φ(y) ≤ r′ → d(x, y) >
1
mn
)}
has a countable δ-net.
Thus, there must be some x ∈ {x ∈ M|Pn(x) < Kn ∧ φ(x) > k1} such that x is
not in {x ∈ M|Pn(x) < Kn ∧ ∀y(Pn(y) ≤ k′ ∧ φ(y) ≤ r′ → d(x, y) >
1
mn
)} since
the latter set has a countable δ-net, and the former does not.
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Then there exists y ∈ {x ∈ M|φ(y) ≤ r′ ∧ Pn(x) ≤ k′} ⊂ {x ∈ M|φ(x) <
k0 ∧ Pn(x) < Kn} such that d(x, y) ≤
1
mn
≤ 1
mN
.
Since d(x, y) ≤ 1
mN
< ∆φ(k1 − k0), |φ(x) − φ(y)| ≤ k1 − k0, but this is a
contradiction, since φ(y) < k0 and φ(x) > k1, so |φ(x) − φ(y)| > k1 − k0.
So |φ− r| = 0 must be in p.
Thus, p is a complete type.
To see that p is consistent, let φ1 = 0, . . . , φm = 0 in p be given. Let r > 0 be
given. ChooseN sufficiently large such that for all n > N and i such that 1 ≤ i ≤ m,
the set {x ∈ M|φi(x) ≥ r ∧ Pn(x) < Kn} has a countable ǫin+1-net. Then the
union of these sets has a countable ǫin+1-net, so {x ∈ M|max(φ1(x), . . . , φn(x)) ≥
r ∧ Pn(x) < Kn} has a countable ǫin+1-net.
Hence max(φ1, . . . , φn) = 0 is in p.
Finally, for φ = 0 in p, {φ(x) ≤ 1
n
: n < ω} is finitely satisfiable, since for
every n < ω, there is m < ω such that {x ∈M|Pm(x) < Km(x) ∧ φ(x) ≥
1
n
} has a
countable ǫin+1-net, so {x ∈ M|Pm(x) < Km(x)∧φ(x) <
1
n
} has no countable ǫin+1-
net, and in particular, is not empty. Thus, this partial type is finitely satisfiable,
so it is consistent.
Hence, since p is closed under finite conjunctions, by compactness, p is consistent.

5. Vaught’s Two-Cardinal Theorem
In this section we will prove Vaught’s Two-Cardinal Theorem, as well as a partial
converse of the theorem which requires an additional assumption of ω-stability.
Ultimately, these will be useful for our result about uncountable categoricity.
Definition 3. Let κ > λ ≥ ℵ0. We say that an L-theory T has a (κ, λ)-model if
there isM  T and P a definable distance predicate inM such thatM has density
character κ and Z(PM) has density character λ.
Note that if M  T is a (κ, λ)-model, then T is not κ-categorical (by a straight
forward compactness argument, we can show that there exists a model of T with
density character κ such that every non-compact zero set of a definable predicate
has density character κ).
We will begin by proving the following theorem of Vaught in the continuous
setting: If T has a (κ, λ)-model for some κ > λ ≥ ℵ0, then T has an (ℵ1,ℵ0)-model.
Lemma 8. If T has a (κ, λ)-model, then T has a Vaughtian pair.
Proof. Let N  T be a (κ, λ)-model with P a definable distance predicate over some
countable A ⊂ N such that Z(PN ) has density character λ. Then by Downward
Lo¨wenheim Skolem (Proposition 7.3 in [HYBU08]), there is M ≺ N containing
Z(PN ) and A with density character λ. SoM 6= N , and Z(PM) = Z(PN ). Thus,
(N ,M) is a Vaughtian pair of models of T . 
Proposition 9. If T has a Vaughtian pair, then T has an (ℵ1,ℵ0)-model.
Proof. By Lemma 2 and Lemma 4, there is (N ,M) a Vaughtian pair with countable
density character such that M and N are homogeneous models of T realizing the
same types, and M∼= N .
Let P be a definable distance predicate in M such that Z(PM) = Z(PN ) and
Z(PM) is not compact.
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We build an elementary chain (Nα : α < ω1) such thatNα ∼= N and (Nα+1,Nα) ∼=
(N ,M) as L∗-structures, so in particular, Z(PNα+1) = Z(PNα) and Nα 6= Nα+1.
Let N0 = N , and for α a limit ordinal, let Nα be the completion of
⋃
β<α
Nβ . Since
Nα is the union of homogeneous models isomorphic to N , Nα is homogeneous and
realizes the same types as N , so by Proposition 3, Nα ∼= N .
Finally, given Nα, Nα ∼= N ∼=M so there is an elementary extension
Nα+1  Nα such that (Nα+1,Nα) ∼= (N ,M). So Nα+1 ∼= N .
Let N ∗ be the completion of
⋃
α<ω1
Nα. There is x ∈ N \M such that d(x,M) =
δ > 0. So Nα+1  inf
x
inf
y∈Z(U)
|d(x, y)−δ| = 0 since U is a definable distance predicate.
This is realized in Nα, so it is realized in Nα+1. So there are ω1 x’s which are δ
apart in N ∗. Thus, N ∗ has density character ℵ1. |N ∗| = ℵ1 since for each α < ω1,
|Nα| ≤ ℵ1.
If N ∗  P (a), then a ∈ M, which has countable density character, so Z(PN
∗
)
has countable density character.
Hence, N ∗ is an (ℵ1,ℵ0)-model of T .

Thus, we have proved Vaught’s Two-Cardinal theorem for continuous logic:
Theorem 10. If T has a (κ, λ)-model where κ > λ ≥ ℵ0, then T has an (ℵ1,ℵ0)-
model.
Now we will show a partial converse of this theorem with the additional as-
sumption that T is ω-stable, namely that if there is an (ℵ1,ℵ0)-model of T , then
for any κ ≥ ℵ1, there is a (κ,ℵ0)-model of T . This will require the results about
quasi-minimal sets from the previous section.
Let T be a continuous ω-stable theory.
The next lemma tells us that in an ω-stable theory T , forM  T and a countable
type which satisfies certain technical requirements, if this type is realized in an
elementary extension of M, then it has an approximate realization in M.
Lemma 11. Suppose T is ω-stable, M  T , and M is not separable. There is a
proper elementary extension N of M with the following property: suppose Γ(w) is a
countable type over M such that for every γ(w) ∈ Γ(w), ∆γ(ǫ) = ǫ for all ǫ ∈ [0, 1],
where ∆γ is the modulus of uniform continuity for γ. Then if Γ(w) is realized in
N , for every ǫ > 0 there is bǫ ∈ M such that γ(bǫ) ≤ ǫ for all γ(w) ∈ Γ(w).
Proof. Let p be the type described in Lemma 7.
Let M′ ≻ M be an elementary extension of M containing c /∈ M realizing p.
Since p is a complete type over M, p = tp(c/M).
Since T is ω-stable, there is a prime model N ≺ M′ containing M∪ {c} such
that every type over M∪ {c} realized in N is principal. So for q which is realized
in N , the set of realizations of q in N is a definable set.
Let Γ(w) be a countable type over M such that for all γ ∈ Γ, ∆γ(ǫ) = ǫ for
ǫ ∈ [0, 1]. Let b ∈ N realize Γ. Then there is a predicate Q(w, c) which is definable
over M such that Q(w, c) is the distance predicate for the set of realizations of
Γ(w). In particular, if γ(w) ∈ Γ(w), and b
′
is such that Q(b
′
, c) = ǫ, then for all
δ > 0 there is b
′
δ ∈ N realizing Γ with d(b
′
δ, b
′
) ≤ ǫ+δ. Thus, since ∆γ(ǫ+δ) = ǫ+δ,
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and since γ(b
′
δ) = 0, γ(b
′
) = |γ(b
′
)− γ(b
′
δ)| ≤ ǫ+ δ. Since this is true for all δ > 0,
γ(b
′
) ≤ ǫ. Thus, γ(b
′
) ≤ Q(b
′
, c).
So, since Q(b, c) = 0 and c  p, inf
w
Q(w, x) is in p and sup
w
γ(w)−· Q(w, x) is in
p for every γ ∈ Γ.
Let Θ be the type {inf
w
Q(w, x)} ∪ {sup
w
γ(w) −· Q(w, x) : γ ∈ Γ}. So Θ ⊂ p is
countable. Let θ0(x), θ1(x), . . . enumerate Θ.
Let j < ω and k < ω such that k ≥ 1 be given. θj = 0 is in p, so let n < ω be
the least such that {x ∈M|Pn(x) < Kn ∧ θj(x) ≥
1
k
} has a countable ǫin+1-net.
Let B
(j,k)
n = {x ∈ M|Pn(x) < Kn ∧ θj(x) >
1
k
}, which also has a countable
ǫin+1-net and is open.
For n′ 6= n, let B
(j,k)
n′ = ∅. So we have defined B
(j,k)
n for all j, k ≥ 1, and n.
For n < ω, let Bn =
⋃
j<ω,1≤k<ω
B(j,k)n . So Bn has a countable ǫin+1-net, and is
a union of open sets, so it is open.
Let A =
⋂
n<ω
({x ∈ M|Pn(x) < Kn} \ Bn), where Pn < Kn are as in Lemma 6.
By Lemma 6, A has no countable ǫ
′
2 -net. So in particular, A 6= ∅.
Let c′ ∈ A. Then θj(c′) ≤
1
k
for all j < ω and k < ω with k ≥ 1, so θj(c′) = 0
for all j < ω. Thus, c′ realizes Θ.
So inf
w
Q(w, c′) = 0 and sup
w
γ(w)−· Q(w, c′) = 0 for all γ ∈ Γ.
Let ǫ > 0 be given. Then we can choose bǫ ∈ M such that Q(bǫ, c′) ≤ ǫ. Hence,
for γ ∈ Γ, γ(bǫ) ≤ ǫ, as required.

Theorem 12. Suppose T is ω-stable and that there is an (ℵ1,ℵ0)-model of T . If
κ ≥ ℵ1, then there is a (κ,ℵ0)-model of T .
Proof. Let M  T with |M| ≥ ℵ1 and uncountable density character, and let P
be a definable distance predicate such that Z(PM) has a countable dense subset
{mi : i < ω}.
Let Q(v) be the (definable) predicate dist(v, Z(P )) = inf
y∈Z(P )
d(v, y). Observe
that Z(Q) = Z(P ) and the modulus of uniform continuity for Q is ∆Q(ǫ) = ǫ for
ǫ ∈ [0, 1]. For n < ω, let Γn(v) be the type {Q(v)}∪{
1
n
−· d(v,mi) : i < ω}. Observe
that Γn(v) is countable and ∆γ(ǫ) = ǫ for all ǫ ∈ [0, 1] and γ ∈ Γn, so Γn satisfies
the conditions of the previous lemma. Let N M be as in the lemma.
Suppose for some n < ω, Γn(v) is realized in N . Let ǫ be such that 0 < ǫ <
1
4n .
By the lemma, there is b ∈ M such that Q(b) ≤ ǫ and 1
n
−· d(b,mi) ≤ ǫ for all
i < ω. Since Q(b) ≤ ǫ, we can choose y ∈ Z(PM) such that d(b, y) ≤ 2ǫ. Since
(mi : i < ω) is dense in Z(P
M), we can choose mi such that d(y,mi) ≤ ǫ. Then
d(b,mi) ≤ d(b, y) + d(y,mi) ≤ 2ǫ+ ǫ = 3ǫ <
3
4n , but d(b,mi) ≥
1
n
− ǫ > 34n . ⇒⇐
So for every v ∈ N , if P (v) = 0, then for every n < ω there is mi with d(v,mi) ≤
1
n
, or else v would realize Γn. Hence, Z(P
N ) has the same countable dense subset
as Z(PM).
Note that there is x ∈ N \M with dist(x,M) =: δ > 0.
Iterating this construction, we build an elementary chain (Mα : α < κ) such
thatM0 =M, Mα+1 6=Mα and Z(P
Mα+1) has the same countable dense subset
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as Z(PM0) and there exists x ∈ Mα+1 \Mα with dist(x,Mα) = δ > 0. For α a
limit, let Mα be the completion of
⋃
β<α
Mβ .
If N is the completion of
⋃
α<κ
Mα, N has density character κ, since it has κ-many
elements which are δ-apart, so N is a (κ,ℵ0)-model of T . 
6. Uncountable Categoricity
In classical logic, the Baldwin-Lachlan characterization of uncountable categoric-
ity says that a theory T is uncountably categorical if and only if T is ω-stable and
has no Vaughtian pairs. Though it is currently unknown if ω-stability and the
absence of Vaughtian pairs are sufficient conditions for uncountable categoricity,
here we use the results of the previous section to prove the forward direction of this
theorem in the continuous setting.
Definition 4. For an infinite cardinal κ, a continuous theory T is κ-categorical if
for any M,N  T with density character κ, M∼= N .
Theorem 13. If a continuous theory T is κ-categorical for some κ ≥ ℵ1, then T
is ω-stable and has no Vaughtian pairs.
Proof. Let κ ≥ ℵ1 and suppose T is κ-categorical. By Theorem 5.2 in [BY05], T
is ω-stable. Suppose T has a Vaughtian pair. Then by Proposition 9, T has an
(ℵ1,ℵ0)-model. So by Theorem 12, T has a (κ,ℵ0)-model. Using a compactness
argument, we can show that T has a model with density character κ such that
every non-compact zero set of a definable predicate has density character κ. Thus,
T cannot be κ-categorical. 
7. Examples
In this section we give an example of a Vaughtian pair of models of the theory
of the Urysohn Sphere, and an example of a Vaughtian pair of models of the ran-
domization of a theory. By Theorem 13, this tells us that these theories cannot be
κ-categorical for any κ > ℵ0.
7.1. Urysohn Sphere. Let U denote the Urysohn sphere, which is the unique
(up to isomorphism) universal complete separable metric space of diameter 1 in
the “empty” language (which only has a symbol d for the metric). Let Θn be the
collection of formulas of the form max
1≤i<j≤n
|d(xi, xj)− ri,j | where ri,j > 0 are such
that this is a possible distance configuration of n distinct points in a metric space
of diameter 1 (that it, does not violate the triangle inequality). For θ ∈ Θn+1, if
θ = max
1≤i<j≤n+1
|d(xi, xj)− ri,j | where ri,j > 0, let θ|n = max
1≤i<j≤n
|d(xi, xj)− ri,j |.
Clearly, for every θ ∈ Θn+1, for every ǫ > 0 there exists δ = δ(ǫ) > 0 such that
for all a1, . . . , an ∈ U, if θ|n(a1, . . . , an) < δ, then there exists an+1 ∈ U such that
θ(a1, . . . , an, an+1) ≤ ǫ.
Let TU be the collection of conditions of the form
sup
x1
. . . sup
xn
inf
xn+1
min(
ǫ
1− δ
(1− θ|n(x1, . . . , xn)), θ(x1, . . . , xn, xn+1))−· ǫ
for θ ∈ Θn+1.
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This is just another way of saying that for all x1, . . . , xn ∈ U, there exists xn+1 ∈
U such that if θ|n(x1, . . . , xn) < δ, then θ(x1, . . . , xn, xn+1) ≤ ǫ.
Fact 5.1 in [Usv08] tells us that U is the only separable model of TU, so TU
is ℵ0-categorical, and thus, complete. By Proposition 5.3 in [Usv08], TU admits
quantifier elimination, so it is model complete.
Let y ∈ U and let M = U \ {x ∈ U|d(x, y) < 18}. M is a complete separable
metric space with diameter 1. We will show that M  TU.
Let θ ∈ Θn+1 be given. Suppose t1, . . . , tn ∈ [
1
8 , 1] are such that
max(θ|n(x1, . . . , xn), max
1≤i≤n
|d(xi, y)− ti|) is a possible configuration of n+1 points.
In other words, θ|n(x1, . . . , xn) is a possible configuration of n points in M.
Let ri = d(xi, xn+1) in θ for 1 ≤ i ≤ n. It is easy to check that by the triangle
inequality, for all 1 ≤ i, j ≤ n, |ti − ri| ≤ tj + rj .
Let tn+1 = min
1≤j≤n
(tj + rj). Observe that tn+1 >
1
8 since rj > 0 and tj ≥
1
8 , and
let s = tn+1 −
1
8 > 0.
Note that tn+1 ≥ max
1≤i≤n
|ti − ri|.
It is easy to verify that max(θ(x1, . . . , xn+1), max
1≤i≤n+1
|d(xi, y)− ti|) = 0 does not
violate the triangle inequality, which means that this is in Θn+1.
So, given ǫ > 0, there exists δ > 0 such that TU says that for all x1, . . . , xn, y there
exists xn+1 such that if θ|n(x1, . . . , xn) < δ and |d(xi, y) − ti| < δ for 1 ≤ i ≤ n,
then θ(x1, . . . , xn, xn+1) ≤ min(ǫ, s) and |d(xn+1, y)− tn+1| ≤ min(ǫ, s).
Let x1, . . . , xn ∈ M be given and assume θ|n(x1, . . . , xn) < δ. Then, there
exists xn+1 such that θ(x1, . . . , xn, xn+1) ≤ min(ǫ, s) ≤ ǫ, and |d(xn+1, y)− tn+1| ≤
min(ǫ, s) ≤ s. So d(xn+1, y) ≥ tn+1 − s =
1
8 . Hence, xn+1 ∈M.
So M  sup
x1
. . . sup
xn
inf
xn+1
min(
ǫ
1− δ
(1− θ|n(x1, . . . , xn)), θ(x1, . . . , xn, xn+1))−· ǫ.
Thus, M  TU.
Since M⊂ U, by model completeness, M≺ U. Since y /∈ M, M 6= U.
Choose x ∈ U with d(x, y) = 12 (this exists since U  TU). Let P (v) = d(x, v)−
· 1
8 .
Observe that Z(P ) is a definable set, since dist(v, Z(P )) = d(v, y)−· 18 .
So if v ∈ U and v ∈ Z(P ), then d(x, v) ≤ 18 , so d(v, y) ≥ d(x, y) − d(x, v) ≥
1
2 −
1
8 =
3
8 >
1
8 . Thus, v ∈ M. So Z(P
U) = Z(PM)
Further note that Z(PU) is not compact, since compact subsets of U have empty
interior (Corollary 2.13 in [Gol13]).
Hence, (U,M) is a Vaughtian pair of models of TU.
7.2. Randomizations. In this section we will apply the result of the previous
section to show that for a (classical or continuous) theory T , its randomized theory
TR is not κ-categorical for any κ ≥ ℵ1.
Randomizations of theories are, for the most part, model theoretically similar
to the original theory. In particular, in [YK09], Ben Yaacov and Keisler showed
that ω-categoricity, ω-stability, and stability are preserved, in [Yaa08a], Ben Yaacov
shows that NIP is preserved, and in [AK15], Andrews and Keisler show that T has
a prime model if and only if TR has a prime model, and that if the original theory
T is ℵ1-categorical, then TR has at most countably many separable models. Not
all model theoretic properties are preserved, in [Yaa09], Ben Yaacov shows that the
randomization of a simple, stable structure is not simple. And we see here that
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since we can always find a Vaughtian pair of models of TR, by Theorem 13, the
randomization of an uncountably categorical theory is not uncountably categorical.
A randomization of a model M of a (classical or continuous) theory T is a two-
sorted continuous structure with a sort K whose elements are random elements of
M, and a sort B whose elements are events in an underlying probability space. We
assume familiarity with Keisler randomizations viewed as metric structures, but
we will recall the basics here for the reader’s convenience. For a more complete
introduction, see Section 2 in [AK15].
Fix a classical or continuous countable language L and a complete L-theory T .
The randomization signature LR is the continuous language with sorts K and B,
an n-ary function symbol Jφ(·)K : Kn → B for each L-formula φ, and the Boolean
operations ⊤,⊥,⊔,⊓,¬ of sort B. If (Ω,B, µ) is our underlying probability space,
for f of sort K, Jφ(f)K = {ω ∈ Ω|M  φ(f(ω)}, so its measure can be though of as
the probability that f is in φ(M).
For f, g of sort K, d(f, g) is the measure of Jf 6= gK and for A,B of sort B,
d(A,B) is the measure of their symmetric difference.
Here, we will restrict our attention to the case when our underlying atomless
finitely additive probability algebra is ([0, 1),L, λ) where L are the Borel subsets
of [0, 1) and λ is Lebesgue measure. Our LR pre-structures will be of the form
(M[0,1),L) where M  T . By Fact 2.5 in [AK15], for any M  T , if we identify
elements which are distance 0 from each other, (M[0,1),L) is an LR-structure.
Fact 1 (Theorem 2.1 in [YK09]). There is a unique complete LR-theory TR, called
the randomized theory of T , such that for every model M of T , (M[0,1),L) is a
pre-model of T .
We will find a Vaughtian pair of models of this TR.
LetM,N  T be such thatM  N . Let K0,K1  T
R be the structures obtained
from (M[0,1),L) and (N [0,1),L).
For x ∈ N , let fx in K1 denoted the constant function f(t) = x for all t ∈ [0, 1).
By Remark 2.3 in [AK15], K0 ≺ K1. Further note that K0 6= K1, since, for
example, for x ∈ N \M, fx is in the random variable sort of K1, but not in the
random variable sort of K0.
Fix a, b ∈ M with d(a, b) > 0 (or just a 6= b if M is first order). Let φ(g) be
|λ(Jg = faK) + λ(Jg = fbK)− 1|. So for g ∈ N [0,1), φ(g) = 0 if and only if the range
of g is in {a, b}. So if g ∈ Z(φK1), then g ∈ Z(φK0), since a, b ∈ M. That is, φ has
the same zero set in K0 and K1. To see that (K1,K0) is a Vaughtian pair, we need
to show that Z(φ) is definable and not compact.
Let ǫ > 0 be given. If φ(g) < ǫ, then λ({t ∈ [0, 1)|g(t) /∈ {a, b}}) < ǫ. Define
g′(t) =

a g(t) = a
b g(t) = b
a otherwise
g′ ∈ Z(φ), and d(g, g′) = λ({t ∈ [0, 1)|g(t) 6= g′(t)}) ≤ ǫ. Thus, dist(g, Z(φ)) ≤
ǫ. So by Proposition 1, Z(φ) is definable.
Finally, let 0 < ǫ < 12 be given. Suppose f1, . . . , fm ∈ Z(φ) are centers of a finite
ǫ-net of Z(φ). Let Ai = {t ∈ [0, 1)|fi(t) = a} ∈ L. For σ ∈ 2m, let Aσ =
⋂
1≤i≤m
A
σ(i)
i
VAUGHT’S TWO-CARDINAL THEOREM AND QUASI-MINIMALITY IN CONTINUOUS LOGIC21
where A0i = [0, 1) \ Ai and A
1
i = Ai. So {Aσ|σ ∈ 2
m} is a partition of [0, 1) into
elements of L such that each fi is constant on each Aσ.
By atomlessness, for each σ ∈ 2m, there is Bσ ∈ L, Bσ ⊂ Aσ such that λ(Bσ) =
1
2λ(Aσ). Define
g(t) =
{
a t ∈ Bσ for some σ ∈ 2
m
b t ∈ Aσ \Bσ for some σ ∈ 2m
φ(g) = 0, since λ(Jg = faK) + λ(Jg = fbK) =
∑
σ∈2m
µ(Bσ) +
∑
σ∈2m
µ(Aσ \ Bσ) = 1.
And for any 1 ≤ i ≤ m, d(g, fi) =
∑
σ∈2m
1
2
µ(Aσ) =
1
2
> ǫ. So there is no finite ǫ-net
of Z(φ).
Thus, (K1,K0) is a Vaughtian pair of models of TR. Hence, by Theorem 13, TR
is not κ-categorical for any uncountable κ.
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